Abstract. Consider an arrangement of n congruent zones on the d-dimensional unit sphere S d−1 , where a zone is the intersection of an origin symmetric Euclidean plank with S d−1 . We prove that, for sufficiently large n, it is possible to arrange n equal zones of suitable width on S d−1 such that no point belongs to more than a constant number of zones, where the constant depends only on the dimension and the width of the zones. Furthermore, we also show that it is possible to cover S d−1 by n equal zones such that each point of S d−1 belongs to at most A d ln n zones, where the A d is a constant that depends only on d. This extends the corresponding 3-dimensional result of Frankl, Nagy and Naszódi [7] . Moreover, we also examine coverings of S d−1 with equal zones under the condition that each point of the sphere belongs to the interior of at most d − 1 zones.
Introduction and Results
A plank in the Euclidean d-space R d is a closed region bounded by two parallel hyperplanes. The width of a plank is the distance between its bounding hyperplanes. The famous plank problem of Tarski [14] seeks the minimum total width of n planks that can cover a convex body K (a compact convex set with non-empty interior).
In this paper we consider a spherical variant of the plank problem which originates from L. Fejes Tóth [5] . Following Fejes Tóth, we will call the parallel domain of spherical radius w/2 of a great sphere C on the d-dimensional unit sphere S d−1 a spherical zone, or zone for short. C is the central great sphere of the zone and w is its (spherical) width. For positive integers d ≥ 3 and n, let w(d, n) denote the minimum width of n zones that can cover S d−1 . Fejes Tóth asked in [5] , among other questions, what is w(3, n) under the condition that the zones have equal width. He conjectured that in the optimal configuration the central great circles of the zones all go through an antipodal pair of points and they are distributed equally, so in this case w(d, n) = π/n. The conjecture of Fejes Tóth was verified for n = 3 (Rosta [13] ) and n = 4 (Linhart [11] ). Fodor, Vígh and Zarnócz [6] gave a lower bound for w(3, n) that is valid for all n. Very recently, Jiang and Polyanskii [9] completely solved L. Fejes Tóth's conjecture by proving for all d, that to cover S d−1 by n (not necessarily equal) zones, the total width of the zones must be at least π, and that the optimal configuration is essentially the same as conjectured by L. Fejes Tóth.
Here, we examine arrangements of equal zones on S d−1 from the point of view of multiplicity. The multiplicity of an arrangement is the maximum number of zones the points of the sphere belong to. We seek to minimize the multiplicity for given d and n as a function of the common width of the zones. It is clear that for n ≥ d, the multiplicity of any arrangement with n equal zones is at least d and at most n. Notice that in the Fejes Tóth configuration the multiplicity is exactly n, that is, maximal.
In particular, if d = 3 and n ≥ 3, then the multiplicity of any covering is at least 3. Our first result is a very slight strengthening of this simple fact for the case when n ≥ 4. Theorem 1. Let n ≥ 1 be an integer, and let S 2 be covered by the union of n congruent zones. If each point of S 2 belongs to the interior of at most two zones, then n ≤ 3. If, moreover, n = 3, then the three congruent zones are pairwise orthogonal.
Note that Theorem 1 does not imply that the multiplicity of a covering of S 2 with n ≥ 4 equal zones would have to be larger than 3. In fact, one can cover S 2 with 4 zones such that the multiplicity is 3. For this, consider three zones whose central great circles pass through a pair of antipodal points (North and South Poles) and are distributed evenly. Let the fourth zone's central great circle be the Equator. It is easy to see that the common width can be chosen in such a way that there is no point contained in more than three zones. Also, one can arrange five zones such that the multiplicity is still 3. We start with the previously given four zones, and take another copy of the zone whose central great circle is the Equator. Now slightly tilt these two zones. It is not difficult to see that the multiplicity of the resulting configuration is 3. The details are left to the reader.
We further note, see Remark 1, that the statement of Theorem 1 can probably be extended to all d ≥ 3. In particular, it certainly holds for 3 ≤ d ≤ 100. Now, we turn to the question of finding upper bounds on the multiplicity of arrangements of zones on 
Theorem 2. For each positive integer d ≥ 3, and any real function α(n) described above, for sufficiently large n, there exists an arrangement of n zones of spherical half-width m d α(n) on S d−1 such that no point of S d−1 belongs to more than k(n) zones.
The following statement provides an upper bound on the multiplicity of coverings of the d-dimensional unit sphere by n congruent zones. Below we list some more interesting special cases according to the size of the function α(n).
Corollary 1.
With the same hypotheses as in Theorem 2, the following statements hold.
We note that Theorem 3 and an implicit version of Theorem 2 were proved by Frankl, Nagy and Naszódi [7] for the case d = 3. They provided two independent proofs, one of which is a probabilistic argument and the other one uses the concept of VC-dimension. We further add that the weaker upper bound of O( √ n) on the minimum multiplicity of coverings of S 2 was posed as an exercise in the 2015 Miklós Schweitzer Mathematical Competition [10] by A. Bezdek, F. Fodor, V. Vígh and T. Zarnócz (cf. Exercise 7).
Our proofs of Theorems 2 and 3 are based on the probabilistic argument of Frankl, Nagy and Naszódi [7] , which we modified in such a way that it works in all dimensions. In the course of the proof we also give an upper estimate for the constant A d whose order of magnitude is O(d).
Obviously, there is a big gap between the lower and upper bounds for the multiplicity of coverings of S d−1 by equal zones. At this time, it is an open problem that the minimum multiplicity of coverings of S d−1 by n equal zones is bounded or not, and it also remains unknown whether the multiplicity is monotonic in n. Frankl, Nagy and Naszódi conjecture that, in fact, that the multiplicity of coverings of S d−1 by n equal zones tends to infinity as n → ∞, cf. Conjectures 4.2 and 4.4 in [7] .
The multiplicity of coverings of R d and S d by convex bodies have been investigated in the past. In their classical paper, Erdős and Rogers [3] proved, using a probabilistic argument, that
can be covered by translates of a given convex body such that the density of the covering is less than d log d + d log log d + 4n and no point of space belongs to more than e(d log d + d log log d + 4n) translates. Later, Füredi and Kang [8] gave a different proof of the result of Erdős and Rogers using John ellipsoids and the Lovász Local Lemma. Böröczky and Wintsche [2] showed that for d ≥ 3 and 0 < ϕ < π/2, S d can be covered by spherical caps of radius ϕ such that the multiplicity of the covering is at most 400d ln d.
Proofs

Proof of Theorem 1. Assume that n ≥ 3 and S
2 is covered by n congruent zones such that no point of S 2 belongs to the interior of more than two zones. Then the n central great circles of the zones divide S 2 into convex spherical polygons. As no three or more such great circles can pass through a point of S 2 , every such polygon has at least three sides.
In contrast to the Euclidean plane, the incircle of every convex spherical polygon is uniquely determined. The inradius of each such polygon is less than or equal to the half-width of the zones.
We will use the following lemma.
Lemma 1. Every convex spherical polygon with k > 3 sides and inradius r contains a point P whose distance from at least three sides is less than r.
Proof. Denote the incircle by C and denote its centre by O. Case 1. There are at least three sides tangent to the incircle C.
It is easy to see that among the tangent sides there must be two, say e and f , which are not adjacent on the boundary of C. The extensions of e and f form a spherical 2-gon. Start moving the centre O along the diagonal of this 2-gon toward its closest endpoint. Then the distances of O from the extended sides e and f continuously decrease and O eventually gets arbitrarily close to an additional side. When this happens O has a distance from at least three sides less than r. Case 2. There are exactly two sides tangent to the incircle C.
Let e and f be the only two sides tangent to the incircle C. Consider again the 2-gon whose sides are the extensions of e and f . Notice that C is also the incircle of this 2-gon. Thus, moving O along the diagonal towards either of the two endpoints continuously decreases the distances of O from the extended sides e and f . At least one of the direction will take O arbitrarily close to an additional side. When it happens, then O has a distance from at least three sides less than r.
Lemma 1 yields immediately that each spherical polygon determined by the n central great circles of the zones is a spherical triangle. The vertices and sides of these triangular domains form a planar graph G on S 2 . The number v of vertices is 2 n 2 , and the number of edges is 2n(n − 1). By Euler's formula, the number f of faces (the number of spherical triangles) is
Furthermore, the degree of each vertex is four, thus 4v = 3f , which yields that
The only positive root of the above quadratic equation is n = 3. Let n = 3, and assume that the central great circles of two zones intersect in the North and South poles of S 2 . The part of S 2 not covered by these two zones is the union of two or four spherical 2-gons bounded by small circular arcs that are parts of the boundaries of the zones. It is easy to see that if the uncovered part consists of only two such 2-gons, then there must be a point of S 2 which belongs to the interior of all three zones. As the vertices of the uncovered 2-gons that are on the same hemisphere (say the Northern one) must be on one of the bounding small circles of the third zone, they must be coplanar. This is only satisfied when the first two zones are perpendicular. This finishes the proof of Theorem 1. 
Thus, if d = 4 or 6, then n = d is the largest root that satisfies our conditions. In the case d = 5 one can check that p(5, d) has two complex roots and two real roots, one real root is 5 and the other one is smaller than 5.
We can now formulate the following conjecture. Finally we note that computer calculations suggest that in the case when d ≥ 6 is even,
(n − i).
Proof of Theorem 2. For two points P, Q ∈ S
d−1 , their spherical distance is the arclength of the shorter unit radius circular arc on S d−1 that connects them. We denote the spherical distance by d S (P, Q).
Let 0 < ω ≤ π/2. We say that the points P 1 , . . . , P m ∈ S d−1 form a saturated set for ω if the spherical distances d S (P i , P j ) ≥ ω for all i = j and no more points can be added such that this property holds. Investigating the dependence of m on d and ω is a classical topic in the theory of packing and covering; for a detailed overview of known results in this direction see, for example, the survey paper by Fejes Tóth and Kuperberg [4] .
It is clear that m is of the same order of magnitude as ω −(d−1) . In the next lemma, we prove a somewhat more precise statement. Although the content of the lemma is well-known, we give a proof because we need inequalities for m with exact constants in subsequent arguments, and also for the sake of completeness. Let κ d denote the volume of the d-dimensional unit ball B d .
Lemma 2. Let 0 < ε < 1. Then there exists 0 < ω 0 ≤ π/2 depending on ε with the following property. Let 0 < ω < ω 0 , and let P 1 , . . . , P m be a saturated point set on
Proof. The following formula is well-known for the surface area S(t) of a cap of height t of
Therefore, there exists 0 < t 0 = t 0 (ε) such that for all 0 < t < t 0 it holds that
Furthermore, let 0 < ω 0 = ω 0 (ε) be such that t 0 = 1 − cos ω 0 . The spherical caps of (spherical) radius ω/2 centred at P 1 , . . . , P m form a packing on S d−1 , and the spherical caps of radius ω form a covering of S d−1 . In view of the above inequalities for the surface area of caps, we obtain that for 0 < ω < ω 0 it holds that
By simple rearrangement we get that
Now, we use that for 0 < x < 1, it holds that x 2 /4 < 1 − cos x < x 2 /2, which follow simply from the Taylor series of cos x, and obtain
We denote a spherical zone of (spherical) half-width t by Π(t). Simple geometry shows that
Let ε > 0. Then there exists t 1 = t 1 (ε) > 0 such that for 0 < t < t 1 the following holds
Let α(n) be a given positive function with lim n→∞ α(n) = 0. From now on, let ε = 1. Let n be sufficiently large. Let m d = √ 2πd + 1.
Let Q 1 , . . . , Q m be a saturated set of points on
Consider n independent random points from S d−1 chosen according to the uniform probability distribution and consider the corresponding spherical zones Π 1 , . . . , Π n of (spherical) half-width m d α(n) whose poles are these points. Furthermore, let Π 
Now, we are going to estimate the probability of the event that there exists a point p on S d−1 which belongs to at least k = k(n) zones. The probability that a point p ∈ S d−1 belongs to a spherical plank Π + i can be estimated from above as follows.
An application of the Stirling-formula (cf. Page 10 of [7] ) yields that
for some suitable constant C > 0. Then applying (2) we get that
By (1) we obtain lim sup
therefore the probability of the event that no point of S d−1 belongs to at least k(n) zones is positive for sufficiently large n. This finishes the proof of Theorem 2.
2.3. Proof of Theorem 3. Let α(n) = ln n n , and let k(n) = A d ln n, where A d be a suitable positive constant that satisfies the following equation
Furthermore, in this case the probability that an arbitrary fixed point
Using the inequality
, we obtain that
Thus, the probability that ∪ n 1 Π i does not cover S d−1 .
for a large enough n. Therefore (5) lim
Thus, taking into account (4) and (5), the probability of the event that all
is covered by the zones and no point of S d−1 belongs to more than A d ln n zones is positive for sufficiently large n. This finishes the proof of Theorem 3.
Remark 2. We note that
Clearly, A d can be lowered slightly by taking into account all the factors of (4).
Remark 3. We further note that one can obtain the result of Theorem 3 with the help of Theorem 1.5 of [7] using the VC-dimension of hypergraphs; for more details we refer to the discussion in [7] after Theorem 1.4. However, as this alternate proof is less geometric in nature, we decided to describe the more direct probabilistic proof of Theorem 3. We leave the proof of Theorem 3 that uses the VC-dimension to the interested reader. Furthermore, the direct probabilistic argument provides an explicit estimate of the involved constant A d , as well. This finishes the proof of part ii) of Corollary 1. The above statement is interesting because α(n) = 1 n is the smallest order of magnitude for the half-width of the zones for which one can possibly have a covering. Remark 4. We note that the d = 3 special case of part ii) of Corollary 1 was explicitly proved by Frankl, Nagy and Naszódi in [7] (cf. Theorem 4.1) in a slightly different form both by the probabilistic method and using VC-dimension. We also note that the general d-dimensional statement of part ii) of Corollary 1 may also be proved from Theorem 1.6 of [7] .
